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Abstract
We have studied the nonlinear model for interaction of N ions in a trap with a
laser beam. By applying two successive unitary transformations, this nonlinear
quantum system can be transformed into the multi-levels Jayness–Cummings
model. In the end, we can obtain an analytical solution to the two-ion system
without performing the Lamb–Dicke approximation, and observe the super-
revival phenomenon.

PACS numbers: 03.67.−a, 32.80.Lg, 42.50.−p

1. Introduction

The investigation of trapped ions driven by light fields is of importance not only due to
the fundamental quantum optics, but also because of potential application, such as precision
spectroscopy [1] and quantum computation [2]. The dynamics of a trapped ion with a single
mode of the radiation field has been shown to exhibit interesting new phenomena, such as
the collapse and revivals of Rabi oscillations [3], squeezing of vibrational states of ion [4],
generation of Schrödinger cat states of ion [5], entanglement of trapped ions [6, 7], etc. These
features, analogous with those in the Jayness–Cummings model (JCM) of cavity quantum
electric dynamics, are directly related to the discreteness of the vibrational states in an ion
trap. In processing quantum systems of trapped ions with the radiation fields, the Lamb–Dicke
approximation is commonly used, i.e. the vibrational amplitude of the ion centre-of-mass
motion is required to be much less than the associated optical wavelength.

Recently an alternative approach is proposed to avoid constraint on the Lamb–Dicke
parameter in studying the system of trapped ion-laser [8]. In this approach, the Hamiltonian
of the system can be transformed to usual the Jayness–Cummings model in context of cavity
QED by using a unitary transformation.

In this paper, we investigate quantum system of N two-level trapped ions driven by a laser
beam. It is well known that this quantum system is nonlinear beyond the Lamb–Dicke regime.
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We find that this nonlinear quantum system is transformed into N levels JCM by applying
unitary transformations.

2. Linearization of the Hamiltonian

We consider N two-level ions trapped in a harmonic potential trap, which are illuminated
homogeneously by a laser field with frequency ωL and wavenumber kL. We restrict our
consideration to the quantum-mechanical motion of the ion in the x-direction. We consider the
Coulomb interaction between N ions and the variation of the field mode within the ion system,
i.e. allow for the centre-of-mass wavefunction being large compared to the wavelength. With
application of the optical rotating wave approximation, the Hamiltonian is given as

H = Ht + Ha + Hint (1)

where

Ht = 1

2m

N∑
j=1

p2
j +

m

2

N∑
j=1

ω2x2
j +

e2

4πε0

N∑
k<j

1

|xj − xk| (2)

Ha = h̄�

2

N∑
j=1

|ej 〉〈ej | (3)

Hint = h̄�0

2

N∑
j=1

eikLxj |ej 〉〈gj | + h.c. (4)

and � = ωa − ωL is the detuning of the ionic transition from the laser frequency. In
the harmonic approximation, we express Ht as a function of the displacements around the
equilibrium positions (xj = xj0 + rj ), up to quadratic terms,

Ht = 1

2m

N∑
j=1

p2
j +

mω2

2

N∑
i,j=1

Kij rirj (5)

where

Kij =




1 + 2
∑

j ′(�=i)

l3

|xj0 − xj ′0|3 , i = j

−2
l3

|xi0 − xj0|3 , i �= j

(6)

and l = [e2/(4πε0mω2)]1/3 is the scale length. The corresponding Hamiltonian can
be diagonalized in terms of normal modes. Applying the normal transformation, rj =∑N

m=1 MjmQm, pj = ∑N
m=1 MjmPm, Qm,Pm is the coordinates and momentum of the normal

mode, respectively, and Mjm is the relation (a matrix) between the relative position of the ith
ion and the normal mode coordinates,

∑
i,j MinKijMjm = ω2

nδnm,
∑

j MjmMjn = δnm, we
obtain the transformed Hamiltonian Ht as

Ht =
N∑

j=1

P 2
j

2m
+

m

2

N∑
j=1

ωjQ
2
j . (7)

Local coordinates can be expressed in terms of creation and annihilation of normal modes:

Qi =
∑

n

Min√
2mωn/h̄

(
a+

n + an

)
(8)
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where ân = (mωn/2h̄)1/2(Qn + iPn/mωn) is the usual annihilation operator of the nth normal
mode of the ion. Under above consideration, the interaction Hamiltonian can be expressed as

Hint = h̄�

2

N∑
j=1

exp

(
i

N∑
m=1

ηmMjm

(
a+

m + am

)) |ej 〉〈gj | + h.c. (9)

where � = �0 eikLxj0 . We start by taking the frequency of laser resonant with the centre-of-
mass vibronic transition in the k-th blue or red sideband as � = ωa − ωL = ±kν, ν is the
frequency of the centre-of-mass vibronic motion. For small k values, we may safely assume
that only the centre-of-mass motion will be excited, given that the next eigenfrequency is
νr = √

3ν, corresponding to the breathe mode of the ions [9]. The following frequencies
(�

√
29/5ν) depend on the number of ions. In the following, we only consider the centre-of-

mass vibronic motion. Assuming that m = 1 denotes the mode of the centre-of-mass motion,
and noticing that the elements of the matrix Mj1 are the same for all j , i.e., the centre-of-mass
mode characterized by all ions has the same excursions [10]; we will obtain the Hamiltonian
of the ions–laser system as [11]

Ĥ = Ĥ t + h̄
�

2
Ĵ z +

h̄�

2

(
e−iη(â+â+) Ĵ + + eiη(â+â+) Ĵ−

)
(10)

where

Ĥ t = h̄νâ+â (11)

Ĵ z =
N∑

i=1

σ (i)
z (12)

Ĵ + =
N∑

i=1

σ (i)
+ (13)

Ĵ− =
N∑

i=1

σ
(i)
− (14)

η = k
√

h̄/2mν is the Lamb–Dick parameter, σ (i)
z = |ei〉〈ei |, σ (i)

+ = |ei〉〈gi | and σ
(i)
− = |gi〉〈ei |

are Pauli’s spin operators of the i-th ion. The ‘angular momentum’ operators Ĵ z, Ĵ + and Ĵ−
form SU(2) algebras with commutation relations:

[Ĵ z, J±] = ±2Ĵ± (15)

[Ĵ +, J−] = Ĵ z. (16)

We denote the ‘angular momentum’ states as |J,M〉, which in the present case are just
the well-known Dicke states [12], and J = N/2 is the cooperation number. |J,−J 〉
indicates a state for which all ions are in the ground state while for |J, J 〉 all ions
are in the excited states. For convenience, we number the state vectors |J,M〉 into
|i〉 = |J, J − i + 1〉, (1 � i � K,K = 2J + 1), which satisfies

Ĵ +|i〉 = h̄
√

(2J − i + 2)(i − 1)|i − 1〉 (17)

Ĵ−|i〉 = h̄
√

(2J − i + 1)i|i + 1〉 (18)

It should be noted that we may investigate the dynamics of the system in the subspace
spanned by Dicke states as long as the initial states of the system are located in this subspace.
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In the representation of Dicke state vectors |i〉, the matrix elements of the Hamiltonian (1) can
be rewritten as (h̄ = 1)

〈i|Ĥ |j 〉 = Ĥ t δi,j +
�j

2
δi,j +

�

2
(D̂+(α)Aj+1δi,(j+1) + D̂(α)Ajδi,(j−1)) (19)

where D̂(α) = e(αâ−αâ+) is the displacement operator, α = −iη, Ai = √
(2J − i + 2)(i − 1),

�j = (J − j + 1)�. We note that the system described by the Hamiltonian (10) is nonlinear
and its exact general solutions are very difficult to obtain, but we find that this system can
be solved analytically. In order to obtain its analytical solution, we firstly operate a unitary
transformation T̂ 1

T̂ 1 =




D̂(β1) 0 0 · · · 0
0 D̂(β2) 0 · · · 0

· · · · · · · · · · · · · · ·
0 · · · 0 D̂(βK−1) 0
0 · · · 0 0 D̂(βK)


 (20)

to the Hamiltonian (10), where βi = λiα/2, λi = 2i − K − 1, then obtain the following
linearized Hamiltonian Ĥ ′ = T1ĤT +

1 ,

Ĥ ′ =




Ĥ
(1)
t 0 0 · · · 0

0 Ĥ
(2)
t 0 · · · 0

· · · · · · · · · · · · · · ·
0 · · · 0 Ĥ

(K−1)
t 0

0 · · · 0 0 Ĥ
(K)
t


+

�

2




J 0 0 · · · 0
0 J − 1 0 · · ·

· · · · · · · · · · · · · · ·
0 · · · 0 J − K + 1 0
0 · · · 0 0 −J

0




�

2




0 A2 0 · · · 0
A2 0 A3 · · ·
· · · · · · · · · · · · · · ·
0 · · · AK−1 0 AK

0 · · · 0 AK 0

0


 (21)

where Ĥ
(i)
t = D̂(βi)Ĥ t D̂

+(βi). In order to diagonalize the third matrix in (21), we furthermore
apply a unitary transformation to the Hamiltonian (21), which has the form of

T̂ 2 =




x
(1)
1 x

(1)
2 · · · x

(1)
K−1 x

(1)
K

x
(2)
1 x

(2)
2 · · · x

(2)
K−1 x

(2)
K

· · · · · · · · · · · · · · ·
x

(K−1)
1 x

(K−1)
2 · · · x

(K−1)
K−1 x

(K−1)
K

x
(K)
1 x

(K)
2 · · · x

(K)
K−1 x

(K)
K




(22)

where x
(i)
j satisfies the eigen equations

Aix
(µ)

i−1 + Ai+1x
(µ)

i+1 = λ(µ)x
(µ)

i . (23)

It can be proven that the eigenvalues [12]

λ(µ) = N − 2µ + 2 (24)

while the eigenvectors x
(i)
j can be expressed in the compact form [12]

x
(i)
j = 2−J+j

[
j !(2J − j)!

i!(2J − i)!

]1/2

× P
(i−j),(2J−i−j)

j (0) (25)
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while P
(m,n)
l is the Jacobian polynomials,

P
(m,n)
l (z) =

[
(−1)l

2l l!

]
[(1 − z)m(1 + z)n]−1 × dl

dzl
[(1 − z)m+l(1 + z)n+l]. (26)

By taking advantage of the orthogonality of the eigenvectors x
(i)
j , the matrix elements of the

transformed Hamiltonian Ĥ ′′ = T̂ 2Ĥ
′T̂ +

2 can be easily computed, which is represented as

〈i|Ĥ ′′|i〉 = νâ+â + ν|α|2(A2
i + A2

i+1

)/
4 + �λi/2 (27a)

〈i|Ĥ ′′|j 〉 = gi,j (â − â+) + Fi,j (j �= i) (27b)

where

gi,j = −αν

2
(Ajδi,(j−1) + Aj+1δi,(j+1)) (28)

Fi,j = �

4
(Aiδ(i−1),j + Ai+1δ(i+1),j ) +

|α|2ν
4

(AiAj+1δ(i−1),(j+1) + Ai+1Ajδ(i+1),(j−1)). (29)

It is noted that this Hamiltonian is linear and holds for any value of the Lamb–Dicke parameter
η. We can see that the nonzero elements of the matrices gi,j and Fi,j are, respectively,

gi,i+1 = gi+1,j = −αν

2
Ai+1 (30)

Fi,i+2 = Fi+2,i = |α|2ν
4

Ai+1Ai+2 (31a)

Fi,i+1 = Fi+1,i = �

4
Ai+1. (31b)

3. Solution to the model

In order to obtain a solution to the model described by the Hamiltonian (10), we first derive
the time evolution operator corresponding to the Hamiltonian (27). For this goal, noting that
λi = −λK+2−i , we may rewrite Ĥ ′′ into

Ĥ ′′ = H ′′
0 + H ′′

I (32)

where

Ĥ ′′
0 = νâ+â +

�

2

K ′∑
i=1

λi(|K + 2 − i〉〈K + 2 − i| − |i〉〈i|) (33)

Ĥ ′′
I =

K∑
i=1

δi |i〉〈i| +

{
K−1∑
i=1

gi,(i+1)(â − â+)|i〉〈i + 1| + h.c.

}

+

{
K−1∑
i=1

Fi,i+1|i〉〈i + 1| +
K−2∑
i=1

Fi,i+2|i〉〈i + 2| + h.c.

}
(34)

δi = ν|α|2(A2
i + A2

i+1

)/
4. (35)
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It is noted that K ′ = K/2 for which K is even, K ′ = (K + 1)/2 for K odd. After we perform
a unitary transformation ˜̂HI = Û 0Ĥ

′′
I Û

+
0 , U0 = exp{−itH ′′

0 }, the interaction Hamiltonian Ĥ ′′
I

is transformed as

Ĥ ′′
I =

K∑
i=1

δi |i〉〈i| +

{
K−1∑
i=1

gi,(i+1)(â e−iνt − â+ eiνt ) ei�t |i〉〈i + 1| + h.c.

}

+

{
K−2∑
i=1

Fi,i+2 ei2�t |i〉〈i + 2| +
K−1∑
i=1

Fi,(i+1) ei�t |i〉〈i + 1| + h.c.

}
. (36)

In what follows, for simplicity we set � = ν. Neglecting the rapidly oscillating terms in (36),
we then obtain

Ĥ ′′
I =

K∑
i=1

δi |i〉〈i| +

{
K−1∑
i=1

Giâ|i〉〈i + 1| + h.c.

}
(37)

where Gi = gi,i+1 = gi+1,j = −αν
2 Ai+1. It is noted that the Hamiltonian (37) is a multi-level

Jaynes–Commings Hamiltonian, which has been discussed extensively [13].
We now proceed to give a solution to the Hamiltonian (10), which reads

|ψ(t)〉 = T̂ +Û 0ÛI T̂ |ψ(0)〉 (38)

where |ψ(0)〉 is the initial wave vector, T̂ = T̂ 2T̂ 1, ÛI is the evolution operator generated by
the Hamiltionian (37).

As an example, we consider the case of two ions, i.e. N = 2. According to equations (33)
and (37), the transformed Hamiltonian of two ions with a laser beam is represented in the
form of

Ĥ ′′ = νâ+â + ν(|1〉〈1| − |3〉〈3|) + K|2〉〈2| + {igâ(|1〉〈2| + |2〉〈3|) + h.c.} (39)

where K = ν|α|2/2, g = √
2νη/2, |1〉 = |e1e2〉, |2〉 = (|g1e2〉 + |e1g2〉)/

√
2, |3〉 = |g1g2〉.

It is noted that we have disregarded the constant term in the Hamiltonian (39) because it just
represents an overall phase. The time evolution operator Û corresponding to the Hamiltonian
(39) is easily obtained, which is given by

Û = exp(−iνt − iνt (|1〉〈1| − |3〉〈3|)) exp(−iKt |2〉〈2| + gt{â|2〉〈3| + |1〉〈2| − h.c.})

= exp(−iνtn̂ − iKt/2)




3∑
i,j=1

Û ij |i〉〈j |

 (40)

where

Û 11 = eiKt/2 B̂+B̂ + Â

(
cos(f̂ n̂t) + iK

1

f̂ n̂

sin(f̂ n̂t)

)
Â+ (41)

Û 12 = −iÂ
1

f̂ n̂

sin(f̂ n̂t) (42)

Û 13 = Â

[
−eiKt + cos(f̂ n̂t) + iK

1

f̂ n̂

sin(f̂ n̂t)

]
B̂ (43)

Û 21 = −i
1

f̂ n̂

sin(f̂ n̂t)Â (44)

Û 22 =
{

cos(f̂ n̂t) − iK
1

f̂ n̂

sin(f̂ n̂t)

}
(45)
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Û 23 = −i
1

f̂ n̂

sin(f̂ nt)B̂ (46)

Û 31 = B̂+

[
−eiKt + cos(f̂ n̂t) + iK

1

f̂ n̂

sin(f̂ n̂t)

]
Â+ (47)

Û 32 = −iB̂+ 1

f̂ n̂

sin(f̂ n̂t) (48)

Û 33 = eiKt/2 ÂÂ+ + B̂+

(
cos(f̂ n̂t) + iK

1

f̂ n̂

sin(f̂ n̂t)

)
B̂ (49)

Â = igâ
1√

g2(â+â + ââ+)
(50)

B̂ = ig
1√

g2(â+â + ââ+)
â (51)

f̂ n̂ =
√

K2/4 + g2(â+â + ââ+). (52)

The time evolution of the state vector is given by

|ψ(t)〉 = T̂ +Û T̂ |ψ(0)〉 (53)

where |ψ(0)〉 is the initial wave vector and T̂ = T̂ 2T̂ 1 has the form of

T̂ = 1

2


 D̂+(2α)

√
2 D̂(2α)√

2D̂+(2α) 0 −√
2D̂(2α)

D̂+(2α) −√
2 D̂(2α)


 . (54)

For an initial state |ψ(0)〉 = |1〉|β〉, i.e. the inner state of the ions in the excited state and
the external state in the coherent state, we compute the time evolution of the mean number of
vibrational quanta which is given by

〈n̂〉 = 〈ψ(τ)|â+â|ψ(τ)〉 (55)

where τ = gt is the scaled time. The evolution of 〈n̂〉 with the scaled time is shown in figure 1.
We can see that the phenomenon of super-revivals exists in the two-ion system, as an analogy
to the single-ion system [8] and the driven Jayness–Cummings model [14]. We note that this
peculiar behaviour is sensitive to the phase of the initial coherent state |β〉. For instance, if
we select β = 5.0 + i0.5 and η = 0.5, we only observe ordinary revivals with the first revival
time τR given by τR = 2π |β| (see figure 1(a)). However, for β = 5.0 + i0.5 and η = 0.5, the
super-revivals do occur for a scaled time τSR ≈ 10τR (see figure 1(b)).We would like to point
out that the scaled period of super-revivals in the two-ion system will be small compared to
the single-ion system (see [8]).

For the three-ion system, the Hamiltonian (37) may be represented as

H ′′
I =

(
3�

2
+

3

4
|α|2ν

)
|1〉〈1| +

(
�

2
+

7

4
|α|2ν

)
|2〉〈2|

+

(
−�

2
+

7

4
|α|2ν

)
|3〉〈3| +

(
−3�

2
+

3

4
|α|2ν

)
|4〉〈4|

+

{
−

√
3

2
αâ|1〉〈2| − αâ|2〉〈3| −

√
3

2
αâ|3〉〈4| + h.c.

}
. (56)
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(a)

(b)

Figure 1. The evolution of the mean number of vibrational quanta as a function of the scaled time
τ = gt . (a) Ordinary revivals occurring for β = 5.0 + i0.5 and η = 0.5, and (b) super-revivals
occurring for β = 0.5 + i5.0 and η = 0.5.

This is a four-level cascade model in the text of cavity QED. We can obtain analytical solution
of the evolution operator to this problem, but the expression of the evolution operator is rather
complicated. For more than three ions system, the Hamiltonians (37) may be rewritten as

˜̂H ′′ = νâ+â +
�

2
Ĵ z +

η2ν

4
(Ĵ +Ĵ− + Ĵ−Ĵ +) + i

ην

2
(âĴ + − â+Ĵ−). (57)

It can be seen that Ĥ ′′
I is a Dicke-type interaction Hamiltonian whose evolution operator is

difficult to be derived analytically.
In conclusion, we have found that the system which consists of N two-level trapped

ion interacting with a laser beam can be transformed into a multi-level Jaynes–Commings
model by applying unitary transformations successively. As an example, we have investigated
dynamics of the two-ion system, and found that the super-revivals will take place in that system
for appropriate values of the parameters.
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